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COUNTING FUNCTION OF MAGNETIC RESONANCES FOR EXTERIOR PROBLEMS 


VINCENT BRUNEAU AND DIOMBA SAMBOU 


ABSTRACT. We study the asymptotic distribution of the resonances near the Landau levels A 9 = 
(2 q + 1)6, q G N, of the Dirichlet (resp. Neumann, resp. Robin) realization in the exterior of a 
compact domain of R 3 of the 3D Schrodinger Schrodinger operator with constant magnetic field of 
scalar intensity 6 > 0. We investigate the corresponding resonance counting function and obtain the 
main asymptotic term. In particular, we prove the accumulation of resonances at the Landau levels 
and the existence of resonance free sectors. In some cases, it provides the discreteness of the set of 
embedded eigenvalues near the Landau levels. 


1. Introduction 

It is now well known that perturbations of magnetic Schrodinger operators can generate spectral 
accumulations near the Landau levels. In the 2D case, the free Hamiltonian (the Landau Hamiltonian ) 
admits pure point spectrum with eigenvalues (the so called Landau levels) of infinite multiplicity. Its 
perturbations by an electric potential of definite sign (even if it is compactly supported) produce 
concentration of eigenvalues at the Landau levels (see fl8l . fT9ll, lfl5l . ifTI). More recently, similar 
phenomena are obtained for perturbations by obstacle (see fl7l for the Dirichlet problem, lfT6l for the 
Neumann problem and iflOll for the Robin boundary condition). Let us also mention the work H4l 
where is considered potential perturbations which are not of fixed sign. 

The study of the 3 D Schrodinger operator is more complicated because the spectrum of the free 
Hamiltonian is continuous (it is [ b , +oo) where b > 0 is the strength of the constant magnetic field). 
For perturbations of such operators, the spectral concentration can be analyse on several way. For 
example, it is possible to prove that some axisymmetric perturbations can produce an infinite number 
of embedded eigenvalues near the Landau levels (see 0). In a more general framework it is stated 
that the Landau levels are singularities of the Spectral Shift Function (see HI) and are accumulation 
points of resonances (see 10, 0). These results are done for a wide class of potentials of definite 
sign, but it is also important to consider the cases of obstacle perturbations. For example, magnetic 
boundary problems appear in the Ginzgurg-Landau theory of superconductors, in the theory of Bose- 
Einstein condensat es, and in the study of edge states in Quantum Mechanics (see for instance (6j, 

m , id. &-)• 

In this paper, we consider the 3D Schrodinger operators with constant magnetic field of strength 
b > 0, pointing at the X 3 -direction. For the magnetic potential A = {—b'Ap. bL)-. 0) it is given by : 

(M) fflj := "(V- 4 ) 2 = (ft+jij) 2 + (D2 - |n) 2 + £>I, D,=—<£, 

Vf:=V Xj -iA s . 
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//n = // 


Landau 


h + I± 


d 2 \ 

Sxg/ 


b \ 2 / 6 \ 2 

-f^Landau •— ( D\ T \ ^ 2 2"^^ 


Set xj_ := (xi, X 2 ) € R 2 . Using the representation L 2 (R 3 ) = L 2 (R 2 x ) ® L 2 (R X3 ), H 0 admits the 
decomposition 

( 1 . 2 ) 

with 

( 1 . 3 ) 

\ z / \ z / 

the Landau Hamiltonian and I 3 and I± being the identity operators in L 2 ( 
tively. The spectrum of i^Landau consists of the so-called Landau levels A q = (2q + 1)6, q £ N := 
{0,1,2,...}, and dim Kerfi Tr . an Han — Aq) = oo. Consequently, 

cr(H 0 ) = cr ac (lTo) = [b, +oo[, 

and the Landau levels play the role of thresholds in the spectrum of Hq. 

Let us introduce the obstacle perturbation. Let K C R 3 be a compact domain with smooth bound¬ 
ary E and let 0 := R 3 \ K. We denote by v the unit outward normal vector of the boundary E and by 
f);y := V " 4 - v the magnetic normal derivative. For 7 a smooth real valued function on T, we introduce 
the following operator on E: 


NE3, 


and L 2 (M 2 ) respec- 


d A ’ 7 ■= V A ■ v + 7 . 


From now, 7 is fixed and if it does not lead to confusion, we shall omit the index A, 7 and write 
for «9 A ’ 7 . 

In the following lines let us define H ^ (resp. //(f ) the Neumann and Robin (resp. Dirichlet) 
realization of — ( V" 4 ! on H. 


Neumann and Robin realizations of — ( V 


The operator Hi is defined by 


(1.4) 




1 . u € Dom{H ^, 


{Dom(H£) := |n € L 2 (U) : (V^n G L 2 (U), j = 1,2 : d^u = 0 on s}. 


Actually, Hi is the self-adjoint operator associated to the closure of the quadratic form 


( 1 . 5 ) 


Q(i( u ) = I |V A rt| 2 dx+ / 7 |tt| 2 da, x := (x_l,X3), 


in Jz 

originally defined in the magnetic Sobolev space H\(Q) := { u £ L 2 (Q) : V'u £ L 2 (Q)j. 
The Neumann realization coiTesponds to 7 = 0. 

Dirichlet realization of — (V 


The operator H^ is defined by 


( 1 . 6 ) 


j u = — ( V y 


u. u £ Dorri^H^}, 


{Dom(H^) := { «Gl 2 (Sl) : (v^u £ L 2 (H), j = 1, 2 : tx = 0 on s}. 
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Actually, H<f is the self-adjoint operator associated to the closure of the quadratic form 
(1.7) Q°°( u )= [ \V A u\ 2 dx, x:=(x±,x 3 ), 

originally defined on Cg°(0). 

Remark 1.1. The magnetic Schrodinger operator Hq defined by CCD is the self-adjoint operator 
associated to the closure of the quadratic form (P) with = R 3 . 

As compactly supported perturbations of the elliptic operator Ho, the operators H(f and Hj, are 
relatively compact perturbations of H 0 and we have: 

Proposition 1.2. For l = oo, 7 , the essential spectrum of H{, coincide with these of Hu: 

cr ess (Hn) = cr ess (H£) = a ess (H 0 ) = a(H 0 ) = [b, + 00 ). 

This result is proved in a more general context in lfl3l . It is also a consequence of some resolvent 
equations as in Section [3] 

In order to define the resonances, let us recall analytic properties of the free resolvent. Let M be 
the connected infinite-sheeted covering of C \ U f;e p,j{A r/ } where each function z i-a z — A q , q £ N 
is analytic. Near a Landau level A r/ this Riemann surface A4 can be parametrized by z q (k) = A q + k 2 , 
k £ C*, \k\ -C 1 (for more details, see Section 2 of ||3l). For e > 0, we denote by A4 e the set of the 
points z £ M such that for each q £ N, we have Im^/z — A q > —e. We have U e >oAl e = M. 

Proposition 1.3. |3[ Proposition 1] 

For each e > 0, the operator 

Ro(z) = (H 0 - z)- 1 : e- £ ( X3) L 2 ( R 3 ) —y e e{x3) L 2 ( R 3 ) 

has a holomorphic extension (still denoted by Rq(z)) from the open upper half-plane C+ := {z £ 
C; Imz > 0} to M. e . 

Since H(f and H(j are compactly supported perturbations of Ho, using some resolvent equations 
and the analytic Fredholm theorem, from Proposition 11.31 we deduce meromorphic extension of the 
resolvents of H(f and H qi . It can be done following the ’’black box” framework developed for per¬ 
turbation of the Laplacian (as in l22l . ll20ll ) or by introducing auxiliary operators as in Section [3] (see 
Corollary 13.41) . Then we arc able to define the resonances: 

Definition 1.4. For l = 00 , 7 , we define the resonances for Hi, as the poles of the meromorphic 
extension of the resolven t 

(H l n - z)~ l : e~ e{x3) L 2 (n) -A e e{x3) L 2 (n). 

These poles (i.e. the resonances) and the rank of their residues (the multiplicity of the resonance) do 
not depend on e > 0. 

Our goal is to study the distribution of the resonances of Hjf and FR l near the Landau levels. We 
will essentially prove that the distribution of the resonances of H^ (resp. Hj,) near the Landau levels 
is essentially governed by the distribution of resonances of Hq +1 k (resp. Hq — 1 k) which is known 
thanks to Q . 

The article is organized as follows. Our main results and their corollaries are formulated and dis¬ 
cussed in Section [2] In Section 0 we show how we can reduce the study of the operators Hjf and Hj, 
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near the Landau levels to some compact perturbations, of fixed sign, of Hf 1 . By this way, in Subsec - 
tion l3.31 we bring out the relation between the perturbed operators of H ( f 1 and the Dirichlet-Neumann 
and the Neumann-Dirichlet operators. Section [4| is devoted to the proofs of our main results. In Sec¬ 
tions [5] and [ 6 j exploiting the fact that the Dirichlet-Neumann and the Neumann-Dirichlet operators are 
elliptic pseudo differential operators on the boundary E, we show how we can reduce the analyse of 
the perturbed operators to that of Toeplitz operators with symbol supported near the obstacle. Section 
[7] is devoted to the computational proof of the lemma needed to prove that the Diric hlet-Neumann 
and the Neumann-Dirichlet operators are elliptic pseudo differential operators on the boundary E. 

2. Formulation of the main results 

For l = 00 , 7 , l et H h be the magnetic Schrodinger operators defined by (11.41) and (11.61) and let 
us denote by Res (H 1 q) the corresponding resonances sets. 

Near a Landau level A q , q 7 N, we parametrize the resonances z q by z q (k) = A q + k 2 with 

\k\ « 1. 

Our main result gives the localization of the resonances of H(f and Hq near the Landau levels A q , 
q G N, together with an asymptotic expansion of the resonances counting function in small annulus 
adjoining A q , q € LI. As consequences we obtain some informations concerning eigenvalues. 

Theorem 2.1. Let I\ C M 3 be a smooth compact domain. Fix a Landau level A q , q 7 N, such 
that I\ does not produce an isolated resonance at A q (see Definition 1 4.71) . Then the resonances 
z q (k ) = A q + k 2 of Hq and Hq, with \k\ <5< 1 sufficiently small, satisfy: 

(i) For 0 < ro < \/2 h fixed and l = oo, 7 

mult(^(fc)) ~ (l + o(l)), r\ 0 . 

z q (k) SRes(H^) 
r<|fc|<ro 

(ii) For the Dirichlet exterior problem (l = 00 ), the resonances z q are far from the real axis in the 
sense that there exists ro > 0 such that k = sjz q — A q , \k\ < ro satisfies: 

Im(fc) < 0, R e(k) = o(|A:|). 

(iii) For the Neumann-Robin exterior problem (l = y), the resonances z q are close to the real axis, 
below A q , in the sense that there exists rq > 0 such that k = yjz q — A q , |fc| < ro satisfies: 

Im(fe) > 0, R e(k) = o(\k\). 

In particular - , near the first Landau level Ao = b, using that the only poles zfik) = Aq + k 2 , with 
IrnA: > 0, ai - e the eigenvalues below Ao, and the fact that the Dirichlet operator is a non negative 
perturbation of Hq (see Lemma [TTt) . we have : 

Corollary 2.2. (i) The Robin (resp. Neumann) exterior operator Hq (resp. Hq) has an increasing 
sequence of eigenvalues {pj}j which accumulate at Aq with the distribution: 

fi{pj € n (- 00 , A 0 - A)} ~ 2 ln^ln A| + A \ °> 

(ii) The Dirichlet exterior operator Hq has no eigenvalues below Aq. 
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Moreover, since the embedded eigenvalues of the operator Hq in [b, +oo) \ U^L 0 {Aq} are the 
resonances z q (k ) with k € e^°'“''](), y/2b[, then an immediate consequence of Theorem 12.11 (ii) and 
(iii) is the absence of embedded eigenvalues of in ]A q — r$, A g [U]A g , A q + r$[ and of embedded 
eigenvalues of H ^ in ]A, ; , A q + r^[, for r\) sufficiently small. Hence we have the following result: 

Corollary 2.3. In [6,+oo) \ U^A 0 {A g } (resp. in [b, +oo) \ U^ =1 {]A g — 7Q,Aq[}) the embedded 
eigenvalues of the operator Hff (resp. H qi ), form a discrete set. 



Figure 1. Localisation of the resonances in variable k: For ro sufficiendy small, 
the resonances z q (k) = A q + k 2 of the operators H l n , l = oo, 7 near a Landau level 
Aq, q E N, are concentrated in the sectors Sg. For l = 00 they are concentrated near 
the semi-axis — z]0, +00) in both sides, while they are concentrated near the semi-axis 
*] 0 , +00) on the left for / = 7 . 

To our best knowledge, the above results are new even concerning the discret spectrum. However, 
they are not surprising. Similar results hold for perturbations by potentials (see jl~ 8 l for eigenvalues, et 
El, H for resonances) and for exterior problems in the 2 D case concerning accumulation of eigenval¬ 
ues at the Landau levels (see fT71 . lfl 6 l . iflOl ). In comparison with previous works, the spectral study 
of obstacle perturbations in the 3D case leads to two new difficulties. The first, with respect to the 2D 
case, comes from the presence of continuous spectrum, then the spectral study involves resonances 
and some non-selfadjoint aspects. The second difficulty, with respect to the potential perturbations, 
is due to the fact that the perturbed and the unperturbed operators are not defined on the same space. 
In order to overcome this difficulty, we introduce an appropriate perturbation V 1 , l = 00,7, of /7 (] 1 
on L 2 (M 3 ) in such a way that the concentration of resonances of H l n , l = 00,7 at A q is reduced to 
the accumulation of ”Birman-Schwinger singularities” of Ilf 1 — V 1 at j- in the sense that - is a 
”Birman-Schwinger singularity” of H (] 1 - V 1 if 1 is an eigenvalue of 

B\z) := sign (V 1 )\V l fi - £) _1 \V l fi 

= sign(V l )\V l fi zH 0 {H 0 - z)- 1 \V l \? = zV l + z 2 sign(V l )\V l \3 (H 0 - z)- 1 \V l fi 

(see Section [3] and in particular Proposition 13.31 ). Then the main tool of our proof is an abstract result 
of fill (see Section HI and especially Proposition 14. 21) . 
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3. Magnetic resonances for the exterior problems 

In this section we reduce the study of the operators H'<f and Hq near the Landau levels to some 
compact perturbations, of fixed sign, of Hf 1 . We follow ideas developped in ifTTl and liTOl for the 
eigenvalues of the 2D Schrodinger operators and give a charaterisation of the resonances which will 
allow to apply (in Section |4|) a general result of |[4]]. 

3.1. Auxiliary operators. By identification of L 2 (R 3 ) with /, 2 (Q) © L 2 (K), we consider the 
following operator in L 2 (R 3 ): 

(3.1) H 1 := Hi 0 on Dom(H^) © Dom^Hfh 1 ), 

where H K ! is the Robin operator in K. Namely, H f< is the self-adjoint operator associated to the 
closure of the quadratic form Qjf defined by (II.51) . by replacing 7 and Q with —7 and K respectively. 

Without loss of generality, we can assume that Hq, It K and Hq are positive and invertible (if not 
it is sufficient to shift their by the same constant), and we introduce 

(3.2) V* := H o ' 1 - = Hf 1 - (H^ 1 © 

(3.3) L°° := H 0 0. 

On one hand, thanks to the choice of the boundary condition in K (with — 7 ), the quadratic form 
associated to H 7 is given by 

(3.4) CP{uu,uk) = Qniun) + Q~k{u k ) = [ \V A u\ 2 dx. 

J R 3 

Thus, d(Q 7 ), the domain of the quadratic form associated to H 1 contains II\ (IR 3 ) the domain of Qq, 
the quadratic form associated to Hq\ 

Qo(u) = [ \'V A u\ 2 dx, 

J R3 

and Q 7 coincide with Qq on (M 3 ). 

On the other hand by extending by 0 the functions of the domain of the quadratic form Qq (see 
(11.71) 1 we can embed cI(Qq) in H\{ M 3 ) with Qq coinciding with Qq on cI(Qq). 

From the previous properties, according to Proposition 2.1 of fl7l . we deduce that V 1 (defined by 
d3j» is a non positive operator and V°° (defined by (13.31) 1 is non negative in £(L 2 (M 3 )). 

3.2. Decreasing and compact properties of the perturbations of fixed sign. 

Lemma 3 . 1 . The operators V°° and V 1 defined by ( 13.31 ) and ( 13.21 ) are respectively non negative 
and non positive compact operators in £(L 2 (R 3 )). Moreover, there exists M°° and M 7 compact 
operators in £(L 2 (R 3 )) such that 

(3.5) L°° = AT 00 Moo, L 7 = -M 7 M 7 ; Afi := (M l )*,l = 7 , 00 , 

with Mi, l = 7,00 bounded from e^ 3 ' 1 L 2 ( R 3 ) into L 2 (R 3 ), 0 < e < sfh. 
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Proof. Since V°° and (— V 7 ) are non negative bounded operators on L 2 (M 3 ) (see Subsection 13.11 
above) there exists bounded operators M/, l = 7,00 such that V°° = (M^)* and V 7 = 
— (M 7 )* My. For example, we can take Mi = (Mi)* = jV) 1 2 , but sometimes other choices could be 
more convenient (see remark IX2l) . 

For all/, g € L 2 (M 3 ),let us introduce v = Hf l f,u n ,i = (H l n )~ l (g\n) and u K = (# a - 7 ) _1 (5|A')- 
By definition of V 1 , l = 7 , 00 , we have: 

(/, V°°g) L 2 { R3) = (H 0 v, (H, 1 - (F^)" 1 © 0) (H^un ,00 © 9|a)> 


and 


= (n, ttn,oo © g\ k) ~ (Hqv, un, 00 © 0) 

= - / v (V a ) 2 mq i 00 Fx + / (V A ) 2 vvffffdx + / vlfPdx, 

Jn Jn Jk 

(/, ^ 7 5 )l 2 (R 3 ) = (FF 0 n, (FFo " 1 - (^)“ 1 ) (^n 0 , 7 © HJ^uk)) 

= (v, (H^un , 7 © Hjf'uK)) - (Hqv, ttn , 7 © «x) 

= — f v (V A ) 2 un,jdx + f (V A ) 2 vu^fdx — f v(\7 A ) 2 UKdx+ f ( X7 A ) 2 vWKdx. 

Jci ’ Jn ’ Jk Jk 

Then by integration by parts, from the boundary conditions mq ] 00 |£ = 0 and 0y.uk = 0 = &EUci,y, 
we deduce the equalities 


(3.6) 


(/, ^°°3>i,2( R 3) = J V\ K g\ K dx + T 0 (v) dftun t 00 dcr, 


(3.7) 


(f,V 1 g) L 2 ( r 3) = - / 9s^r 0 («n, 7 ) - r 0 (u K ) do, 

J s 


where To : FF S («) — y H s ~ 2 (E), for • = Q, K, and s > is the trace operator on E. In the notation 
of this operator, we omit the dependence on K or fl because either it is indicate on the functions on 
which it is applied, or the functions are smooth near E. In particular, due to the regularity properties 
of v = Hf 1 / near E, the functions ro(tt) and d^v are well defined. 

In other words, we have 


(3.8) (f,V°°g) L2m = <(FF 0 -V) \ K ,g\ K ) L , (K) + (T 0 (H^f ), d A (H^)- l (g ln )) L 2 { ^, 


(3.9) (f,V^g) L 2 m = -(O s (iF 0 - 1 /),r 0 (FF^)- 1 ( 5 | n ) - TQ(Hfp)-\g\ K )) L 2^y 

Exploiting that the domains of the operators contain Hf oc and the compacity of the domains K and E, 
we deduce that V°° and V 1 are compact operators in L 2 (M 3 ). 

At last, in order to prove that M^ and AF 7 are bounded from e £ ^ 3 >E 2 (M 3 ) into L 2 (M 3 ), let us 
prove that for l = 7 , 00 , e f J x 0 V l e/J X3 ' > is bounded in L 2 (M 3 ). 

Clearly, in the relations (13.61) and (13.7b . v can be replaced by X‘i v for an y X .3 € C%°( R X3 ) equals to 
1 on 


(3.10) 


Jk ■ U(a: 1 ,a:2)GR 2 '{^'3) (x\, X2, Xq) F A }, 
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( \ 3 = 1 near K is sufficient) and consequently, for l = 7,00, we have (/, V l g) = (f X3 , V l g) with 
fx 3 = = (Hqx^Hq 1 )/. Thus, V 1 = H 0 1 X 3 HqV 1 and taking the adjoint relation we 

deduce: 

V 1 = V 1 HqxzHq 1 = H^x 3 H 0 V 1 H 0 x 3 H^ 

By using the orthogonal decomposition of H {] 1 : 


Ho 1 = '£p q ®( D i+\r 1 

gSN 


s f~q\ 3 3^ we deduce ty, a t HqXsH 0 1 = X3 + 


with (D 2 3 + Ag) 1 having the integral kernel 


2 WA„ 


[D^ ,X 3 ]H 0 1 is bounded from e e ^ 3 ^T 2 (M 3 ) into L 2 (R 3 ) for 0 < e < y/b and then so is Mi, l = 


X 3 

7,00 


□ 


Remark 3.2. As written in the above proof, we can take Mi = (Mi)* = | V/1 2 , but sometimes other 
choices could be more convenient. In particular in order to reduce our analyse to the boundary X, it 
could be interesting to consider operator Mi from L 2 (M 3 ) into L 2 (X) by exploiting the link with the 
Dirichlet-Neumann and Robin-Dirichlet operators (see Subsection 13. 3D . 


3.3. Relation with Dirichlet-Neumann and Robin-Dirichlet operators. Taking g = f = Hqv 

and by introducing wn, 00 := — u$i, 0 o in (13.61 ). we obtain: 


(3.11) (H 0 v,V 00 Hov) L 2m3)= [ v\ K f\ K dx + f T 0 (n) d^v\ n da - [ T 0 (v) d^w^oodcr, 

J k Js J s 

with wn ,oo satisfying 

n 1T . / (V A ) 2 mn, 00 = 0 in Q 

{ J 1 r 0 (wn,oo) = r 0 (v). 

On the same way, from (13.71) . we have 

(3.13) (H 0 v, V 7 H 0 v) L 2 ( R3) = - [ d s vT 0 (w KjJ ) -r 0 (wa, y )da, 

JT, 

with run , 7 = — uq i7 and wk,j = v\ K — uk satisfying for • = 0, K 


(3.14) 


(V A ) 2 m., 7 = 0 

= d^v. 


in 


Consequently, V°° and V 7 are related to the Dirichlet-Neumann and Robin-Dirichlet operators: 
(3.15) (Hqv, V°°H 0 v) L 2 (^ 3 ) = (v\ K , (Hqv)\ k ) L 2 ( K ^ + (T 0 (n|n), d^(v\o) — DNn(r 0 n|n)) L 2 ( S ), 


(3.16) {Hqv, V 7 Hqv) L 2 ^ 3 ) = —(&sv, (RDk — R-Dn )$£?;) L 2 ( S ). 

For the definition and elliptic properties of these operators (on some subspaces of finite codimension), 
we refer to Proposition 16.41 
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3.4. Definition and characterisation of the resonances. Let us introduce, for Irn(z) > 0 , the 
bounded operators 

(3.17) FV(z) = {H'l - z)- 1 = (H& - z)- 1 © (Hp' - z)" 1 and R°°(z) = (Hfi - z)' 1 0 0. 
Proposition 3.3. Fori = 7,00, the operator-valued function 

R l (z) : e" £<X3> L 2 (M 3 ) —> e e< * 3) L 2 (M 3 ) 

has a meromorphic extension (also denoted R 1 (■)) from the open upper half plane to A4 e , e < \[b. 
Moreover, the following assertions are equivalent: 

a) z is a pole of R l in £^e _e ^ 3 ^L 2 (M 3 ), e £ ^ 3 ^L 2 (M 3 )^, 

b) z is a pole of MiR l M l in L ^L 2 (M 3 )^, 

c) —1 is an eigenvalue of e(l)B l (z) with 

(3.18) B l (z) := zM l H 0 R 0 (z)M l = zAfM 1 + z 2 M l R 0 (z)M l , 
where e(oo) = 1 , £(7) = — 1 . 

Proof For Im(z) > 0 and l = 7, 00 we have the resolvent equation: 

R\z) (/ + zV l H 0 (H 0 - z)- 1 ) = R l (0)H 0 (H 0 - z)" 1 = (H 0 - z)" 1 - V l H 0 (H 0 - z)" 1 . 

Let us denote by e± the multiplication operator by c ±f< ' X3 ' / . Then, by introducing e±, and writing 
Hq(Hq — z) _1 = I + z(H 0 — z) _1 , we have 

e-R l (z)e- (^1 + ze+V l e- + z 2 e+V l (Ho — z) _1 e_ = 

e-(Ho — z) _1 e_ — e-V l e- — ze-V l (Ho — z) _1 e_. 

Since e_ (iTo — z)~ L e_ admits a holomorphic extension from the open upper half plane to Ai e (see 
Proposition 1 of El), according to Lemma ED e+ V 1 ( Hq — z) _1 e_ and e_ V 1 ( Hq — zf 1 e_ can be 
holomorphically extended to A4 e . Then from the Fredholm analytic Theorem we deduce the mero¬ 
morphic extension of z i-A R l (z) from the open upper half plane to A4 e . 

Moreover, by writing 

MiR\z)M l = (. Mie + )e-R l (z)e _ (e + M l ), 

we show the holomorphic extension of MiR l M l in L(V. 2 (R 3 ) j with poles among those of 
Conversely, according to the following resolvent equation, the poles of e_ire_ are those of M[R l M l 
in £(l 2 (M 3 )): 

R\z) = (H 0 - z)” 1 - V l H 0 (H 0 - z)- 1 - zH 0 (H 0 - z)" 1 R l ( 0 ) V 1 H 0 (H 0 - z)' 1 

+z 2 H 0 (H 0 - z)" 1 V 1 R l (z) V 1 Ho(Ho - z)~\ 

We conclude the proposition from the equation: 

(3.19) + (l-e(l)M l (±-&(0)y 1 M l> ) =/, 

and using that 

M, - iT" 1 ) \d l = zMiH 0 (H 0 - z) _1 M z = zM t M l + z 2 Mi(H 0 - z)~ 1 M l , 
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M t f— — R l 

\Z 


-1 


M l = zMiM 1 + z 2 M l R\z)M l 


□ 


By definition of R l , l = oo, 7 , (see (13.171) ). we also have: 

Corollary 3 . 4 . Fori = 7 , 00 , the operator-valued function 

(H l n - z)~ l : e~ e{x3) L 2 (n) —> e e{x ^L 2 (Fl) 

has a meromorphic extension, denoted Rq, from the open upper half plane to Ai e , e < Vb. 

Moreover, according to their multiplicities (i.e. the rank of their residues), the poles of Rff coincide 
with the poles of R°° and the poles of R ^ are those of R 1 excepted the eigenvalues of Hffi. 

4. Outline of proofs 


In order to prove our main results, in this section, let us begin by recalling some auxiliary results 
concerning characteristic values of holomorphic operators due to Bony, the first author and Raikov 
l4l . Then we will apply these auxiliary results to our problem and prove the main results. 


4.1. Auxiliary results. Let V be a domain of C containing zero and let us consider an holomorphic 
operator-valued function A : V —> Soo, where ,S4o is the class of compact operators in a separable 
Hilbert space. 


Definition 4 . 1 . For a domain A C D \ {()}, a complex number z € A is a characteristic value of 
z 1 — t I — — —^ if the operator I — —f^- is not invertible. The multiplicity of a characteristic value z$ 
is defined by 


(4.1) 


mult(zo) := — tr 

llTT 




^OK-i 


where C is a small contour positively oriented containing zq as the unique point z satisfying (/— 
is not invertible. 


Let us denote by Z{ A, A), the set of the characteristic values of (/-—) inside A: 

f A(z) 

Z( A, A) :=< z £ A : I - - is not invertible 


If there exists zo € A such that I — is not invertible, then Z( A. A) is a discrete set (see e.g. lUTl 
Proposition 4.1.4]). 

Assume that A(0) is self-adjoint and for T a compact self-adjoint operator, let us introduce the 
counting function 


(4.2) n(r,T) := Tr l [( . +oo) (T), 

the number of eigenvalues of the operator T lying in the interval [r, + 00 ) C M*, and counted with 
their multiplicity. Denote by no the orthogonal projection onto ker A(0). 

As consequence of (4] Corollary 3.4, Theorem 3.7, Corollary 3.11], we have the following result 
which states that the characteristic values of z i->- I — are localized near the real axis where ,4(0) 
has its spectrum, and the distribution of the characteristic values near 0 is governed by the distribution 
of the eigenvalues of A(0) near 0. 
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Proposition 4.2. j4| 

Let A be as above and I — A' ({))\\o be invertible. Assume that A (s C \ {0} is a bounded domain 
with smooth boundary dA which is transverse to the real axis at each point of d A H M. We have: 

(i) The characteristic values z E Z(A,A) near 0 satisfy |Im(z)| = o(|^|). 

(ii) If the operator A(0) has a definite sign (±/l( 0 ) > 0), then the characteristic values z near 0 
satisfy ±Re(z) > 0. 

(iii) For ±.4(0) > 0, if the counting function of A(ff) satisfies: 

n{r,±A{ 0 )) = cq (l + o(l)), r\ 0, 

then, for ro > 0 fixed, the counting function of the characteristic values near 0 satisfies: 

#{z € Z(A,A); r <\z\ < r 0 } = c o lr || 1 ^|.| ( 1 + °( 1 ))> r \ °- 

4.2. Preliminary results. In this subsection we apply the previous abstract results to our problem. 

Proposition 4.3. Fix q E N. Then z q (k) = A q + k 2 , 0 < \k\ -C 1 is a pole of R l (defined by (13.17b ) 
in C(e~ e ^ X3 ' ) L 2 , ef^L 2 ) if and only if 

A l n (ik) ( 1 if l = oo 

(4.3) I — ell) ——— is not invertible , ell) := < , 

ik 1—1 if l = 7 

where z i-a A l q (z) E S 00 (L 2 (M 3 )) is the holomorphic operator-valued function given by 

(4.4) A l q (ik ) = Zq(k) 2 Mfip q <S> r(ik))M l - ikMi[z q (k) + z q (k) 2 R 0 (z q (k))(I - p q ® h)^M l , 

with r(z) the integral operator in L 2 (M. X3 ) whose integral kernel is fe z ^ X3 ~ x ^, x 3 , x' 3 E K. 

In particular, A l q ( 0) = A 2 Mfip q (g) r(0))M l is a non negative compact operator whose counting 
function satisfies 

(4.5) n{r,A l q (d))=n(r,T l q )- T l q := e(l)A 2 p q W l p q 
with W l defined on L 2 (R 2 ) by 

(4-6) (W l f ± )(x_ L ) = lf (v^f 2 -®l R ))(x ± ,x 3 )dx 3 , 

1 JR.g ' I 

Proof From Proposition 13.31 z q {k) = A q + k 2 is a pole of R l (.) if and only if I + e(l)B l {A q + k 2 ) 
is not invertible with 

B l (A q + k 2 ) := z q {k)MiM l + z q (k) 2 Mji2o(A, + k 2 )M l . 

We split the sandwiched resolvent MiR 0 (z)M l into two parts as follows 

(4.7) M t R 0 (z)M l = MiRo(z)(p q <g> I 3 )M l + MiR 0 (z)(I -p q ® I 3 )M l . 

For z q (k) = A q + k 2 in the resolvent set of the operator Hq, we have 

(Ho -Aq- k 2 )- 1 ( D l + k2 )”'• 

jm 
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Hence by definition of p q , Mf R 0 (A f/ + k 2 )(I — p q <g> I^)M l is holomorphic near k = 0 (for more 
details, see the proof of Proposition 11.31) . Furthermore, for k chosen such that Im(/,:•) > 0, we have 

(4.8) M,i2o(*,(fc))(p* ® h)M l = M lPq ® ( D 2 X3 - k 2 )~ l M l = 

where r(z) is the integral operator introduced above. Hence (14.31) and (14.41) hold because 


, „ A 1 ., (ik) 

B\A q + k 2 ) = -^l. 

Let us compute the operator H^(0) for l = 7, oo. We have 

(4.9) A l q { 0) = A 2 q Mi(p q ® r(0))M l , 1 = 7,00, 

where r( 0 ) is the operator acting from e~ e ^ X3 ^ L 2 (M.) into e e ^ 3 ^L 2 (R) with integral kernel given by 
the constant function A. 

Now from Lemma [3711 it follows that there exists a bounded operator M.i on L 2 (R 3 ) such that 
Mi = M.ie~ e ^ x A for l = 7,00. Recalling that e± is the multiplication operator by e± := e ±e ^ 3 \ it 
can be easily checked that 


(4.10) 

where c : L 2 (R) —> 
by c*(A) = Ae_, and 

(4.11) 


l _ Mie + (p q <g> c*c)e + M l 


~ Bq,lBq,h 


M t {p q < 8 > r(0))M = 2 

C is the operator defined by c(u) := (u, e_), so that c* : C 


L 2 (R) is given 


1 


Bq,l ■= -J=tPq®c)e+M l , 


More explicitly, the operator B q j satisfies B q j '■ L 2 

1 

71 


(B q) np)(x_ l) = 


l = 7,00. 

L 2 (R 2 ) with 
Vq !b ( x ±,x' ± )(M l <p)(x' ± ,x' 3 )dx' ± dx' 3 , 


where V q j,(-, •) is the integral kernel of p q given by: 

(4.12) V q ,b{x±,x' ± ) = 7- L q exp ^ _ ^(\x± - X J 2 + 2 i{x\x' 2 - X 1 X 2 ))), 


with x± = (xi,X 2 ),x' ± = (rc'r, x' 2 ) G R 2 ; here L q (t) := A, e t dq ^ t e q —- are the LagueiTe polynomials. 
The adjoint operator B q[ : L 2 (R 2 ) —> L 2 (R 3 ) satisfies 

(B* t if- L )(x±,x 3 ) = -^=Mi(jp q f^® 1r)(xj.,s 3 ), 

where ( p q /■*■ <g) 1 r)(x_l, X3) = p q f~ L (x±) is constant with respect to .2:3 . Thus, from (14.91) and (14.101) . 
A l q { 0) = A 2 q B* ql B q}l is a positive compact self-adjoint operator with the non zero eigenvalues equal 
to those of A 2 q B q ^B* q l : L 2 (R 2 ) —» L 2 (R 2 ) given by 

(4.13) A 2 q B q ^B ql = e(l)A q p q W l pq = T q , 1= 7,00, 

where W l is defined on L 2 (R 2 ) by (14.6b . Here, we have used that M l Mi = e{l)V l (see Lemma [TIT) . 
Then 


( 4 . 14 ) 


n(r,A l q { 0 )) = n{r,A 2 q B* ql B q ^i) = n(r, A. q B q jB ql ) =n(r,T^). 
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□ 

Remark 4 . 4 . Here, we omit the proof that the multiplicity of the pole z q (k ) of R l (i.e. the rank of 

A 1 (ik) / 

the residue) coincides with the multiplicity of k as a characteristic value ofkv^-I — e(l) —fj ,— [see 
(ED ). It is closely related to the proof of Proposition 3 of |f3l. 

In order to analyse the counting function n {r,A l g ( 0)) = n(r,T*) for l = 7 , oo, we will need the 
following result. 

Proposition 4 . 5 . For all q G N, there exists L q a finite codimension subspaces of ker[HLandau — A q ) 
and there exists C > 1, such that for compacts domains Kq C K q C M 2 and compact intervals 
Io C I\ satisfying Kq x Jo C K C K q x I\ with d(K, 4- x If) D dK = 0, i = 0,1, we have for any 
/"*■ € L q , 

(4-15) ^(f ± ,pql K ±p q f ± )L2(R2) < (/■ L ,T^/- L ) L a (R a ) < C(f^,p q t K xp q f ± ) L 2 m , 

where T l q is defined by (IQ ). I = oo, 7 . 

The proof of Proposition 14.51 will be given in Section [ 6 ] by introducing elliptic pseudo-differential 
operators on the boundary £ = Oil = dK. 


4.3. Proof of Theorem 12.11 First, near A q , Corollary 13.41 allows to reduce the study of the reso¬ 
nances of H l n , z q (k) = A q + if, \k\ < ro (tq sufficiently small) to the poles of ic, because they 
coincide for l = 00 and for l = 7 there is only a finite number of eigenvalues of Hff near A r/ . 
Then, thanks to Proposition 14.31 modulo a finite set fF q , the resonances near A q are related to the 

characteristic values of z i->- I — 

Z 

(4.16) {z q (k) = A q + k 2 € Res (H l n ) n S(0,r 0 )*} 


= { z q (k) = A q + k 2 \ such that e(l)ik G Z(B(0, ro)*, A l q (e{l)-)) } \ fF q , 
where S(0,ro)* = {k € C; 0 < \k\ < ro} and A l q , l = 00,7, is defined by (14.41 ). 

Then, provided that 

(4.17) I — e(/)(Ag) / (0)IIg is an invertible operator, 

(with Ilg the orthogonal projection onto kerAg(O)), (ii) and (iii) of Theorem 12. H are immediate con¬ 
sequences of (i) and (ii) of Proposition 14.21 with z = e(l)ik, because A l q ( 0) is non negative. 

Let us prove (i) of Theorem 12. 1 1 and inteipret (14.171 ). In order to apply (iii) of Proposition 14.21 
we analyse the counting function of the eigenvalues of A l q ( 0). According to (14.51 ). n (r,A^( 0 )) = 
n[r,T q ), T q = e(l)A 2 q p q W l p q . This together with Proposition 14.51 by using the mini-max principle, 
implies that for l = 00 , 7 , 

(4.18) n(Cr,p q l K ±p q ) < n(r,A l q ( 0)) < n(r/C,p q t K ±p q ). 

Since Ki for i = 0,1 are compact sets (with nonempty interior), then according to [19} Lemma 3.5] 
we have n(r,p q t K ±p q ) = lt |j’lni.| (4 + o(l)) as r \ 0. Combining this with (14.181) . we deduce 


| lnr| 
In I In r 


(l + o(l)), 


r \ 0 . 


(4.19) 


n(r, A l q ( 0)) 
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We conclude the proof of (i) of Theorem 12.11 from (14.161) . (iii) of Proposition 14.21 (14.191 1 and the fol¬ 
lowing proposition giving the interpretation of the technical assumption (14.171) in terms of resonances. 

4.4. Interpretation of the assumption (14,171 ). Using the notations of Subsection l4.21 let us intro¬ 
duce the operator 

(4.20) P° := p q <g> r(0) : e~ e{x 3 ) L 2 ( R 3 ) —► e e<X 3 ) P 2 (R 3 ), e > 0, 

whose integral kernel is ( q V q y J (xj_, x' ± ) (see (14.121) ). 

Proposition 4.6. Let A q be the holomorphic operator-valued function defined by (14.41) and H q the 
orthogonal projection onto KerA l q (0). Then the following assertions are equivalent: 

(i) I — e(l)(A l q )'(0)U q is invertible 

(ii) The following limit exists for z in a sector Sg := {z € C; Im(z) > 5|Re(z) — A g |}, <5 > 0: 

lim MAI + ikP°)R l (z)M l , 

SgBZ - >A q H 

where k = yjz — A q , Im(k) > 0, R e(k) > 0, and R l (z) is defined by (13.17b . 

Let us recall that (i) is the assumption (14.17b . and before to prove the above result let us give an 
interpretation of (ii). From (14.71 ) and (14.81 ). z = A q is an essential singularity of Mi (Ho — z)~ 1 M l 
given by 

MfiHo - z)~ l M l = -±-M t P°M l +Hol A ,(*), 
where Hoi a,, is a holomorphic operator valued function near z = A q , given by 

Hol A q (z) = Mfil + ikP q )(H 0 - z)~ l M l . 

For the above formula, we have used that in £^e _e ^ 3 ^L 2 (M 3 ), e e ^ 3 ^L 2 (M 3 )^ 

MiP^Ho - (A q + k 2 ))- 1 M i = M^iAq - (A q + k 2 ))- l M l = —MiP^M 1 . 

Under obstacle perturbation, our main result shows that z = A q remains an essential singularity. But 
it is not excluded that A q becomes also an isolated singularity coming from the perturbation of the 
holomorphic part Ho1a,(-z). 

Our assumption (14.171 ) which is equivalent to (ii) does not allow this possibility. It is reasonable to 
think that (14.171 ) is generic, for example in the sense that if z = A q becomes a isolated singularity of 
Mi (I + ikP q )R l (z)AI l then, under a small perturbation of the obstacle K, this singularity disappears. 
In particular, for l = 7, among the possible singularities of Mi (I + ikP q )R l (z)M l there arc the 
eigenvalues of the interior operator HjA which has a discrete spectrum. Although it seems to be an 
open question, we hope that if A q is an isolated eigenvalue of H f A , then under a small perturbation 
of K, this eigenvalue moves to another value close to (but different from) A q . 

In order to simplify the statement of Theorem 12.11 let us introduced the following definition. 

Definition 4.7. We will say that the obstacle K doesn’t produce an isolated resonance at A q if the 
property (ii) of Proposition \4.6\ is satisfied. 
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Lemma 4.8. Near k = 0, Im(/i) > 0, Re(fc) > 0, there exists a holomorphic operator-valued 
function K such that: 

= (/ - K{k]) (/ - e( Q ^ + 
lim (I-K(k)) = I-e(l)(A l q ym q , 

k—> 0 

R e(k)>5 lm(fc)>0 

where 6 > 0 is fixed. 


Proof. The proof of this Lemma follows similarly to that of Proposition 3.6 (or of Lemma 4.1) of |@1 
where the same assumption (14.171) appears. We have 

+ * 2 > . 4<*> - ^4«» 4«»<*. + *7 + m + (jjk)> 


ik 


ikA„ 


+ 






where i ?2 is a holomorphic operator valued function near k = 0. Then, since A 1 ( 0) is self-adjoint, 
for ik E C \ R, we have: 

A l q (ik)\ /r + fe 2 )^ 


(4.21) 

with 




ikA n 


K(*)=£(i)( 4 )'( 0 ) I I-e(l) 


AU 0)(A, + t 2 )' 


-1 


*A;A n 


+e(l)kR‘ 2 (ik ) 7 - s(l) — 


A‘M)(A q + k^ 


-1 


ikA n 


For Re(fc) > <5Im(/c) > 0, |fc| sufficiently small and v{k) > 0 such that u(k) = o(l), \k\ = 
o(u(k)) as \k\ tends to 0 , we have: 

(4.22) 

\\(l C(l) A lq ^^ g + ^ 2 ^~ l H — „„„ 

v ikA n 


\j&a{Sd)M ( 0 )) l^’ A g - A i( A g + fc2 )l |Re(A:)| 


< 


< \ 1 + 


5 2 ' 


(4.23) 


dfc),+oo[( A g (0))( I ~ e(l) 


, A g(^)( A 9 + ^’ 2 ) 

ikA„ 


< 


\k\ 


< 


\k\/v{k) 


u(k) — | Im k\ 1 — \k\/v{k) ’ 


(4.24) 


s-lirn l ] 0 )l/(fc)[ (^( 0 )) = 0 . 

| AC | —>-0 


Then, combining the compactness of (A^)'(O) with (14.241 ) and (14.221) . we obtain: 


lim ( A l q ym ]oAk)[ (A l q (0))(l 
Re(fc)><5 lm(/c)>0 

and from (14.231) and (14.221) . we deduce 


e{l) 


A g(0)( A 9 + k ~ ) \ -1 
ikA a 


= 0 , 


(4.25) lim (I - K(k )) = I - e (Z)(A* )'(0)IV 

fc —)-0 

Re(fc)><5 lm(k)>0 

This concludes the proof of Lemma l4~8l by using the relations (14.211) . (14.251) . (14.91) and (14.201) . 


□ 
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Proof of Proposition 1 4 . 61 By definition of A l q , for z € S q = [z £ C; Im(/z) > <5|Re(z) — A q |}, 
5 > 0, and k = z — A q , Im(fc) > 0, R e(k) > 0, we have 


^-e(0 


A l q {ik)\ 
ik ) 


I + 



Then from (13.191 ) and Lemma l4~8l we deduce, for z = A„ + k 2 E S$: 


(4.26) 


I - 


J- £ (Z) Ag(A ^ +fc 2 ) M;P g °M^ ( I-e(l) Ml (- z -R l 


-l 


= I. 


By exploiting that M l M[ = e{l)V l = e(l)(H 0 1 — R\ 0)) (see (13.51) . (13.21) . (13.31) . (13.171) ), we have: 
Aq(A q + k 2 ) N ^ 71 N 1 


(4.27) 


I - £ (i y^ q ^ n ’ MiPqM 1 ) I I - e(Z)M, ( - - R l ( 0 ) 


= I-e{l)M l [--R\ 0)1 M l + e(l)- 


ik 

-l 


M l 


A q (A q + ^ 2 ) 


All Pq [Hy x P'(0) ) M l . 


l\ 


-1 


Using that, in ^(V^Z/^M 3 ), e^Z/^M 3 )), P"//^ = (A,) -1 /* 1 , (14371) equals 


(4.28) I - e(Z)M,(/ + ikP") ( - - P 


-i 


Af‘ = /-£(0M z (I + ^P„ u )(z/ + ^ 2 P'(^))M' 


whose limit as 9 z —> A g exists if and only if 
(4.29) 


lim Mfl + ikPf)Rfz)M L 

Ss3z — >A q 


exists. 

Then Proposition 14. 61 follows from ( 14.251) . (14.261) . (14.271) . (14.281) and (14.291) . 

Remark 4.9. In Lemma \4.H\ the limit is for arg(fc) € (0, ^ — (A) wzY/j 0,) = arctan A and then, in 
Pronosition \4.6\ it is sufficient to take Ss = {z € C; arg(z — A q ) € (0, vr — 2 ^ 5 )}. 


5. Reduction to Toeplitz operators with symbol supported near the obstacle 


In this section we will prove Proposition 14.51 To the operators V 1 , l = 00,7 defined on L 2 (R 3 ) 
by (13.21) . (13.31) we associate the operator 

(5.1) W l := l f V l dx 3, 

^ Js .* 3 

defined on P 2 (R 2 ) by (14.61) 


Our goal is to study the counting function of the compact non negative operators 

T q ■= A 2 q p g W l p q , 1 = 00,7, 

where p q is the orthogonal projection onto kcr( /Randan — Aq). 

First, we study properties of V 1 in L 2 (R 3 ). For q £ FJ, let us introduce a compact domain K\ C R 3 
which contains K and 


(5.2) E q {K{) = {/ € P 2 (R 3 ) 0 C°°(R 3 ); (H 0 - A q )f = 0 onAj}. 

It is an infinite dimensional subspace of L 2 (R 3 ) which contains all functions (P q f' L <8> X3) when 
X 3 £ L 2 (R X3 ) D C°° (M^g) satisfies D 2 3 x 3 = 0 on /at, defined as for K by (13.101 ). 
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Proposition 5.1. Fix K 0 , K\ two compact domains o/R 3 , K 0 C K C K\ with OK, n dK = 0, 
i = 0,1. For l = oo, 7 , there exists C q a finite codimension subspaces of£ q (K i) and C > 1 such that 
for any f £ £ q , 

(5-3) ^(/, 1at 0 /)l 2 (»3) < (Hof,£(l)V l H 0 f) L 2(j SL 3) < C(f, t Kl f) Z = 00 , 7 . 

Proof. The proof of the lower bound in the Dirichlet case is inspired by the analog result in the 2D 
case (see Proposition 3.1 of lUTTO . By introducing the operator Hq + 11 k 0 , we have 

V°° := Hf 1 - (Hff)- 1 © 0 = Vf° + Vf° 

with 

= Hf 1 - (H 0 + Ua'o)" 1 , V? = (H 0 + l/co )" 1 - (Htf)- 1 © 0. 

Since the quadratic form associated to (2fo+U fe 0 ) coincide with (Jfi (see (11.71 )) on Cq°(Q) (identified 
with {u E OfCM 3 ) supported in D}). then Vf° is a non negative operator on if(ff'). 

Moreover, for Vf°, we have: 

Vo°° = - l Ko (H 0 +1 Ko )-H Ko )t Ko Hf\ 

Then exploiting that 1 k 0 (Ho + 1 k 0 ) ' 1 k 0 is a compact operator in £(L 2 (R 3 )), we deduce that, on 
a finite codimension subspace of L 2 (R 3 ), we have: 

H 0 V 0 °°H 0 >h Ko . 

This implies the lower bound of (15.31) in the Dirichlet case. The other estimates (lower bound for 
l = 7 and upper bounds) are consequences of Lemma [5721 and Lemma [531 below. □ 

Lemma 5.2. Fix q £ N. For l = 00,7 and K C K\ there exists T | an elliptic pseudo differential 
operator:; on L 2 (S), of order 1 and C q a finite codimension subspaces of £ q (K\) such that for any 

f€C q , 

(H 0 f,V°°H 0 f)L2 {R3) = Aq(f\ K , f\K')L 2 (K) - (/|S,^S°/|s)i 2 (S)- 
(H 0 f,V^H 0 f) L2m = —</| S ,T^/ |e > l2(S) . 

The above lemma is comparable to Lemma 4.2 of lUOl . The proof, which is closely related to the 
2D case (see Subsect ion 16.3 I bclow). exploits the expressions of V 1 in terms of Dirichlet-Neumann and 
Robin-Dirichlet operators (see (13.151) and (13. 161) ) and their elliptic properties as pseudo differential 
operators on £ (see Proposition 16.41 ). Moreover, for / satisfying ((V 7 ' ) 2 +A q )f = 0 in K. there exists 
an elliptic pseudo differential operators R q of order 1 on L 2 (L) such that f = R q ( + Fq (/) 

with F q a finite rank operator (see Lemma 1631 ). In particular, for 7 = 0 , d^f = i?°(/|s) + F q (f) 
(for more details, we also refer to Remark 3.12 of iflOll ). 

As in the proof of Lemma 3.14 of ifTOl which doesn’t depends on the even dimension of the space 
(see the end of Section 4 of lITOl ). we have 

Lemma 5.3. Fix q £ N and K t , i = 0. 1 two compact domains of R 3 , Kq C K C K\, OK, fl OK = 0. 
Let 7V; be a non negative elliptic pseudo differential operator, on if(ff), of order 1. Then there exists 
A4 q a finite codimension subspaces of £ q (K\) and C > 1 such that for any f £ Ai q , 

-^{f^K 0 f)L 2 {R3) < (/|E>?s/|e)l 2 (S) - C'(/ 1 1a'i/)l 2 (R3)- 


(5.4) 
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Proof, of Proposition 14.51 By definition of W l (see (15.1b ) and exploiting the proof of Lemma 13.11 for 
f L € fcer(#Landau — A 9 ) and any \3 € C^M^) equal to 1 on Ik (defined by (13.101) ). we have 

A 2 f - 

(/' L > ^/- l ) L 2 ( R 2 ) =e(i)-# / / ± (xi,x 2 )(1? 0 ' 1 X3 ^o^^oX3^o' 1 )(/- l ® 1 R)(xi,x 2 ,x 3 )dx. 

^ jR3 

For /-L € ker{H Landau - A,), in £(e e<a; 3>L 2 (R 3 ), L 2 (M 3 )) 

XsHoHf 1 - ® !r) = X3p* s + A <?) _1 (/" L ® in) = -^(Z -1 ® X3)- 

A ? 

Then 

{f~ L ,T l q f ± ) L 2(js L 2) = 4r(#o(/ _L ®X3),V l H 0 {f ± ®X3))l2 (K 3), 

and according to Proposition 15.11 for /\ 0 C K C K\, such that dK t D <9AT = 0, i = 0,1, there exists 
C > 1 and a finite codimension subspaces of £ q (K\) such that for any / L £ C q , 

®X3Ma' 0 (/ ± ® X3))l 2(« 3 ) ^ < C'((/ ± <g> % 3 ), ^AT (/^ ® X3)>L 2 (R3). 

Let us choose iQ, i = 0,1, of the form = iTA x tj C l 2 x 1 such that for %3 € C^°(M) equals 
to 1 on 7 i(d Jo), we have: 

((/ ± ®X3),l^ i (/' L ®X3))L 2 (R 3 ) = \f ± (xi,X 2 )X3(x3)\ 2 ^ K f(xx,X 2 )t Ii (x3)dxidX2dX3 

= \ h \ (/- L ,1^x/- L ) L 2 ( r2 ) . 

This implies (14.151) because f ± =p q f ± - □ 


6 . Boundary operators 

In this section we recall how the method of layer potential allows to prove that the Dirichlet- 
Neumcmn et Neumann-Dirichlet operators are pseudo differential operators on a surface and how 
Lemma 15.21 and Lemma 15.31 follow. In presence of a constant magnetic field, these technics was 
already used in fl 6 l . flOl for even-dimensional cases. 

6.1. Green kernel for (V /l ) 2 near the diagonal. Let Go(x, y), x. y £ M 3 be the integral kernel 
of Hq 1 . It is related to Ho(t, x. y ), the heat kernel, by the formula: 

r+oo 

Go(x,y) = / n 0 {t,x,y)dt , 

Jo 

where (see e.g. || 2 |), for x = (xi,x 2 , xf) = (x±, £ 3 ) £ K 2 x 1 , 

Ha(t ' z • y) = exp {-—ir 1 - - 1 co * h(,,t)|xx - ^i 2 - 4 X1 A ’ 

with |rcj_ | 2 = x\ + x\, x± A y± = x\y 2 — x 2 y\. Then we obtain: 
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Lemma 6.1. The integral kernel of H {) 1 is smooth outside the diagonal and we have 
( 6 . 1 ) G 0 {x,y) = K 0 (x,y) + O( 1) as \x - y\ -+ 0 , 


with 

( 6 . 2 ) 


e -%x ± /\y ± ^ 


<75 |x — y| —>• 0. 


Moreover, for x,y € S, (d^) y Go(x,y) satisfies the corresponding behavior as \x — y| tends to 0, 
where (d^) y means that the differentiation is with respect to the variable y. More precisely, we have 


(6.3) 


(dN)yGo(x,y) = (0#)i 


=>—T x -i-Aj/jL 


47t|o 7 — y| 


+ 0 ( 1 ) A5 |x — y| 


Proof By the change of variables u = bt , we can rewrite Gq(x, y) as 


_ b [ (^3~l/3) 2 

(6.4) G 0 {x,y) = e~^ x±Ay± I(x,y), I(x,y) := „ / --r 

(47TJ2 Jo 'W 2 

Then Lemma l 6 +l is a direct consequence of the following lemma. 

Lemma 6.2. (i) The function I (x, y) defined by (16.41) can be rewritten as 

I(x,y) = h(x,y) + Ioo{x, y)i 


+coth(ti)|a;_L — y±\ 2 


sinh(u) 


du. 


where 

a) Ioo(x, y) = 0 ( 1 ) uniformly with respect to the variables x, y. 

b) The function Iq(x, y) satisfies for \x — y\ <C 1 


(6.5) 


io(x,y) = 


(4tt)2 \ x - y\ Jb\x-y\ 2 U 2 


/*+oo 
J b\x—v\ 


e ^du + Q{ 1 ). 


(ii) The function (d^) y Go(x,y) satisfies for \x — y\ <C 1 


— i/V —/-+ 0 


v ■ (x — y)e 2 


( 6 . 6 ) (dfi) y G 0 {x,y) = -2iJ2 u j A j G o{x,y) + „ 

“t 2(47r) 2 |a; — y| 3 


u 2 e 


/6|x-j<| 2 


du + 0(l). 


The proof of Lemma l6.2l is of computational nature. Hence, for more transparency in the presenta¬ 
tion, it is differed in the Appendix. Now let us back to the proof of Lemma [6+1 

Identities (16.lb and (16.21) follows immediately from (i) of Lemma 16.21 together with (16.41) and re¬ 
marking that / 0 +o ° u~ 2 e~idu = 4 / 0 + °° e~ v2 du = (47t) + 

Identity (16.31) follows from (ii) of Lemma 1+21 remarking firstly that 2 | () 00 vxe^~du = ( 47 t) 5 , 
and secondly that 


(9n)v 


g-f^A y ± \\ 

47 r|x — y\ J 


e 2 x xt\y± u . _ y'j 

47 r|a; — y | 3 


This concludes the proof of Lemma [6+1 


3 

2i'y]vjAjGo(x,y). 

3= 1 


□ 
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6.2. Boundary operators associated to (V A ) 2 . According to the properties of Gq near the diag¬ 
onal, the following single-layer and double-layer potentials of a function / on E are well defined: 


(6.7) 

Sf(x) ■= j r f(y)G 0 (x, y)da(y), x € M 3 \ E, 

(6.8) 

Vf^x) := J^ f(y)(dx) y G 0 (x, y)da(y), x G M 3 \ E 

(see for instance 

l2ll). Moreover, for x € E we have the following limit relations: 

(6.9) 

lim Sfn(z) = S/s(x) = lim Sf K (z ), 

Z—>X Z^r-X 

(6.10) 

lim V fii(z) = ~fe(x) + D/ s , 
z^-x Z 

(6-11) 

lim Vf K (z) = \h(x) + D/s, 

z—>x Z 

where 


(6.12) 

S/s(x) := J ^ f(y)G 0 (x, y)da(y), x € E, 

(6.13) 

D/s(x) := J^f(y)(dx) y G 0 (x,y)da(y), x € S, 


define compact operators on L 2 (E). More precisely, following the arguments of Section 7.11 of ifJTTl 
(see also Lemmas 3.2, 3.3 and 3.6 of OH), S and D are pseudo differential operators, on E, of order 
(—1), and S is an elliptic self-adjoint operator on L 2 (E) which is an isomorphism from L 2 (E) onto 
77 1 (S). Moreover for p € C'°°(S) and • = K, f l, f . := tS (S~ 1 c,o)|. is the unique solution of 

(6.14) ( ( V /) 2 /- = 0 in * 

t /• |s — V, 

and we have: 

(6-15) S (d A f K ) = (D - l)<p, S (d A f a ) = (D + \)<p. 

Inserting <9s = + 7 above, we obtain: 

(6-16) S{dxf K ) = (D + S7— ^)f, S(3s/o) = (D + S7 + ^)p. 

Remark 6 . 3 . Due to the ellipticity of S and the compactness o/D and S, the operators (D + S7 + ) 
are Fredholm operators and consequently there inverse exist on finite codimension spaces. In other 
words, there exists elliptic pseudo differential operators R± of order 0, such that R± (D + S7 ± — 

an d (D + S7 ± 7j) R± — are finite rank operators. 

Moreover, as in fllOll ( see Lemma 3. 7 and Corollary 3.10), for all e € [— 1 , 1 ] outside a finite subset 
(—£ cr(S -1 (D ± i) + 7)), the operators (D + S(7 + e) ± are invertible on L 2 (E). 

On this way, as in the 2D case (see Proposition 3.8 of fflOl ) we can give the definition of the 
Dirichlet-Robin and Robin-Dirichlet operators introduced in (13.151) and (13.161) : 
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Proposition 6 . 4 . (i) The interior (resp. exterior) Dirichlet-Robin operator D% (resp. DRfj) de¬ 
fined by 

(6.17) DR k = S’ 1 |d + S 7 - 

are first order elliptic pseudo differential operators on E. The interior (resp. exterior) Dirichlet- 
Neumann operator DNk (resp. DNfjJ corresponds to 7 = 0. 

(ii) The interior (resp. exterior) Robin-Dirichlet operator RDk (resp. RDcj) defined on a finite 
codimensional subspace o/L 2 (E) by 

(6.18) RDk = ^D + S7 — 

are elliptic pseudo differential operators on E of order (—1). The interior (resp. exterior) Neumann- 
Dirichlet operator NDk (resp. ND$j) corresponds to 7 — 0. 

6.3. Proof of Lemma [5721 From (13.151) and (13.161) . for / € £ q {K \) (defined by (15.21) 1. we have: 

(Hof, V°°H 0 f) L 2 m = (f\K,-kqf\K)L 2 (K) + (/|S , &Nf) L 2 ( 5 ) — (/|E , DNn(/| S )) i 2( E ), 

and 

(H 0 f,vm 0 f) L i m = -(d^f, (RDk - RDr)^/)l 2 (e). 

Moreover, based on the methods of Section 16.21 by considering the Green function associated to 
the operator (V 4 ) 2 + A q on K, we construct S q and D, ; two pseudo differential operators, on E, of 
order (—1), with S q elliptic on L 2 (E) but not necessarly invertible. These operators satisfy relations 
like (16.151 ). (16.161) . Then following the proofs of Lemma 3.11 and Remark 3.12 of ifTOl . we obtain: 

Lemma 6 . 5 . There exists an elliptic pseudo differential operators R q of order 1 on L 2 ( E) and a finite 
rank operator F q such that for f satisfying ((V" 4 ) 2 + A q )f = 0 in K, 

(6-19) d^f := d&f + 7 / = R^f | E ) + F](f). 

Then we deduce Lemma 15121 from Proposition I6.4l and Lemma 1631 with 

T^ = DN n -R°, = (^)*(RD k - RD n )i2j. 


S, 


RDsi = ( D + S 7 + - ) S, 


DR n = S 


-1 


D + S 7 + - 


7. Appendix 

This appendix is devoted to the proof of Lemma [6721 Constants in the O(-) are generic, namely 
changing from a relation to another. 


(i) Let I(x,y) be the function defined by (16.41 ). Define Iq(x, y) and Ioo(x, y) by 


(7.1) 
and 

(7.2) 


. , bi f 

h{x,y) ■= 77-T / 

( 4 - 71)2 7o 


1 | (x 3 +coth( M )7 J .-y_ L |- 

e 


«! sinh(u) 


-du 


l<x>{x,y) ■= 


b 2 


(4tt) 


+oc e -|[ fX 3 J 3) +coth(u)|x_L-yj_| 2 j 

i Jl sinh(u) 


-du. 
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Since coth(ir) > 1 for u > I. then clearly I 00 (x. y) = 0(1) uniformly with respect to x, y. This 
gives (i) a) of Lemma 16. 21 

Now let us prove (i) b). By using the change of variables u = l/v, the integral Iq{x, y) given by 
(ED verifies 


(7.3) 


(4*)* T . , 

—I 0 (x,y) = 


r+ oo e _ >\*±-v±\ [coth(l)-„] 


dv. 


bi J i v sinh(l) 

It can be easily checked that for \x — y\ <C 1, and uniformly with respect to v € [1, +oo[, we have 

6|g-L-y L | 2 [coth(A)- 1) ] 


(7.4) 


= 1 + 0 


usinh(i) 

By combining (17.31 ) and (17.41 ). we get for \x — y\ -C 1 


v > 1. 


b\x — y\‘ 


(7.5) 


(47t) 2 [+°° g 4 

[ >I 0 (x,y)= -- 1 -dv + 0(l). 

6 2 Jl V 2 


Now (i) b) of Lemma l6.2l is a direct consequence of (17.51) using the change of variables u = b\x — y\ 2 v. 

(ii) The proof of this point is quite similar to that of the previous. Let Go(x, y) and I(x. y) be the 
functions defined by (16.41) . By a direct computation, it can be checked that 

3 3 

(7.6) (d^) y G 0 (x,y) = e~^ x±Ay± '^2v J d j I(x,y) - 2i'^v j A j G 0 {x,y), 


3 =1 J~- 

where the differentiation is with respect to the variable y. So to conclude, it suffices to investigate the 
integral functions djl(x, y) = dj (/ 0 (x, y) + Ioo(x, y)),j = 1, 2, 3, where I 0 (x, y) and Too (ah y) are 
the functions defined respectively by (17.11) and (17.21 ). Firstly, an easy computation show that we have 

(7.7) djIoo(x,y) = (Xj - yj )0{ 1), j = 1,2,3. 

Secondly, by using for example the expression (17.31) of Iq(x, y), it can be checked that 

t|*L-»j.l 3 ,[ coth( i )t ,l 


(7.8) +f- di I 0 ( X ,y)= b(xi : vl) r™ 

bi 2 Jl V 


and 

(7.9) 


0 2 * J 1 


v* sinh(l) 


-dv, i = 1,2, 


v sinh(4) 


-dv. 


Similarly to the expansion (17.41) . it can be proved that the functions h(v) := 


coth(4)e 


_ b\x ± ^ y± \ j eoth( r ) _„j 


sinh(i) 


_ b\x±-y±\ [ coth( l)_J 

- ! -- appearing respectively in the integrals (17.81) and (17.91) satisfy for 

v sin v v ) 


and k(v) := 

\x — y\<.l 

(7.10) 

This together with (17.81 ) and (17.91 ) give for j = 1,2,3 and \x — y\ -C 1 

Hxj - yj ) r ' >+ °° 


h{v) = l + 0[^], k{v) = l + 0 1 


< > 1. 


(47r) 2 

(7.1D y -3-dM+y)= 9 

0 2 ^ 


. 1 b\x-y\ 2 v I 

I v*e 4 dv + J 


+00 

-- r —dvO(l) 

112 
































MAGNETIC RESONANCES FOR EXTERIOR PROBLEMS 


23 


After the change of variables u = b\x — y\ 2 v, finally we get 
(7.12) 

1 f + °° e~* 

- / —duO( 1) . 

X — y | Jb\x — y\ 2 U 2 

Consequently, (16.61 ) of point (ii) follows from (17.61 ). (17.71 ) and (17.121 ). This concludes the proof of the 
Lemma [6721 

Acknowledgments. 

The authors are grateful to G. Raikov for his continued support and helpful exhange of views. The 
first author thanks the Mittag-Leffler Institut where this work was initiate with useful discussions with 
M. Persson and with G. Rozenblum. 

V. Bruneau was partially supported by ANR-08-BLAN-0228. D. Sambou is partially supported by 
the Chilean Program Nucleo Milenio de Fi'sica Matemdtica 7(020002. 


(47r) 


b 2 


-dj!o(x,y) = 


b{xj - yj) 


p+oo 


b 2 \x - y | 3 Jb\x- y \ 2 


u 2 e 4 du + 


m i 
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